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??????????????????? S0(n), S1(n)
???? S0(n) < S < S1(n) ??
S0(n) =
1
2
an cos
x
2n
, S1(n) =
1
2
bn
??????? S0 = lim
n→∞S0(n), S1 = limn→∞S1(n) ??
??
S0 =
1
2
x0, S1 =
1
2
x1 (3.2)
?????? bn = an
(
1
cosxn
)
???
S1 − S0 = 12
{
lim
n→∞ an
(
1
cosxn
− cosxn
)}
= 0
????????? S0 = S = S1 ?? x0 = x1 ???
???
?? x0 < x?????? x1 < x???, (3.2)??
S1 < S ???? S0 = S = S1 ??????????
x0 = x1 = x ??????
[?? 3.1] ? 2.2????? 3.1??????????
?????????? 2????????
(1) ? 2.2???????????? n??????
??????????, ???? 3.1?? 2n−1????
???????2n−1 ??????? an < an+1 ???
?????????????????? lim
x→0
sin x
x
= 1 ???????—???????????????— ? 5
????????????????? 2.2??????
??????? 4.2(2)?????????????
(2)?? 2.1????? (2.8)??????,?????
?????????? (2.5)??? (2.1)? (2.6)???
????????? 3.1??????????????
2.2???????????????( ??, ?? (iii)?
?????? S???????????????????
??, ?? (i)????????????????, ??
?? x ??? [8]?????????????????)
???????, ???? 3.1???????????
???????????????????? 2????
??????
?? 3.2. ?? 2.1?? 2.2? (2.5)? (2.6)?????
?????
?? ???? 3.1??? (2.8)??????????
????????
sinx < 2 sin
x
2
< AB = x < 2 tan
x
2
< tanx
?????, ?? 2.1(2)??????? (2.5)? (2.6)?
????????????????
?? 3.3. ?? r???????? �, ??? S????
� = 2πr, S = πr2 (3.3)
??????
?? 2? A, B???????????? � = AB ?
???? AOB= x = 360◦ = 2π ???, ?? r????
???
cn = 2nr sin
x
2n
, dn = 2nr tan
x
2n
?????????? 3.1??
� = lim
n→∞ cn = limn→∞ dn = AB
 = 2πr
??????{cn}, {dn}?????? �???????
??????????, ??? 2πr ?????????
??????????????
??, (3.2)??? r??? S0 =
1
2
r� ???????
S0 = S ??? (3.3)??????
? 3.3?????? 2n−1 ????????????
?????????????????????????
?? 3.5????????
r
r r
πr
? 3.5 ( ???????, ??????? r ?
? πr ???????????????)
???, ???????????????? r ???
????????????????, ?????????
???????????, ??????????????
?? πr ???????????? 8????????
??? 3.5??????????????? 3.6????
????????????????
???????? π, ??? 8??
?????? 2?????? �0 ?
??, ??? 8??????? �1?
?????
�0
�1
? 3.6
�1/2
�0/2
�0/2
�1/2
�1????????????? 6?????????
?????????????????
?????????
�0
2
?
�1
2
???????? πr ?
??, ??? (3.3)?????????????????
? 3.5?? 3.6???????????????
4. ??????????
?? 2.1????????????????????
?????????????????????????
??????? (? 310–230?) ???????????
??????? 2.1?? 2.2????????????
???????, ??? 5, 6????????????
??????????????, ??????????
?????????????????????? chord(x)
????????, ?? 1?????? x??????
??????????
? 4.1
chord(x)
x
1
????????????????????⎧⎨⎩ chord(x) = 2 sin
x
2
chord(2x) = 2 sinx
???, cosx, tanx????????????????
?????????????
lim
x→0
sinx
x = 1 ???????が意味するもの ―高校数学「三角関数」の教材研究―
− 61−
6 ???????????????? ???? ? 62 ? (2012) ??????????????????????
Boyer[1]????, ???????????????
??????????????????????????
?????????????
??? 4.1. ??? O????? 1??????? 3?
A, B, C?????, ? AB, ? BC ?????????
?? x, y ????0◦ < x < y < 90◦ ?????
1 <
sin y
sinx
<
y
x
=
BC
AB
<
tan y
tanx
(4.1)
??????( (4.1)?
y
x
?????????????
????????)
?? (i) 0 < x < y < 90◦ ?? 0 <
cos(y/2)
cos(x/2)
< 1 ??
???????? 2?????????, ??????
???
sin y
sinx
=
2 sin y2 cos
y
2
2 sin x2 cos
x
2
<
2 sin y2
2 sin x2
???????? n = 1, 2, · · · ????
sin y
sinx
<
2 sin y2
2 sin x2
<
2n sin y2n
2n sin x2n
(4.2)
??????
(4.2)? n → ∞ ???????????? 3.1(1)?
?????
sin y
sinx
< lim
n→∞
2n sin y2n
2n sin x2n
=
BC
AB
=
y
x
??????
(ii) 0 < x < y < 90◦ ?? 0 < tan
x
2
< tan
y
2
< 1 ?
????
1− tan2 x2
1− tan2 y2
> 1
?????????? 2??????????????
????
tan y
tanx
=
2 tan y2 (1− tan2 x2 )
2 tan x2 (1− tan2 y2 )
>
2 tan y2
2 tan x2
(4.3)
(4.3)? n?????????????????
tan y
tanx
>
2 tan y2
2 tan x2
>
2n tan y2n
2n tan x2n
(4.4)
(4.4)? n → ∞ ???????????? 3.1(2)?
?????
tan y
tanx
>
2 tan y2
2 tan x2
> lim
n→∞
2n tan y2n
2n tan x2n
=
BC
AB
???????????????????
?? 4.2. (1) 0◦ < x < y < π2 = 90
◦ ??, x, y ???
????????????????
sinx
x
>
sin y
y
,
tanx
x
<
tan y
y
(2) xn =
x
n
???????????????
n sinxn < (n+ 1) sinxn+1,
n tanxn > (n+ 1) tanxn+1
?? (1) (4.1)????
sinx
y
> 0?????????
????????(4.1)????
tanx
y
> 0 ??????
2??????????
(2) xn+1 < xn ??? (2.12)???? (1)?????
??
n sinxn = x
[
sinxn
xn
]
< x
[
sinxn+1
xn+1
]
= (n+ 1) sinxn+1
??????????? n tanxn??????????
???
? 4.2?? 2.2??????????????????
???????? 5, 6?????????
5. ??????????
??????????? (? 287–212)???????
???????????? 2.1????????? 2.2
?????????????????????
? 3?????????? 1????????? 2.3?
? AB?? 3.1?? AM??????????????
? (2.10)? 2????????? 3.1???????
AB < AB < A1B1 (5.1)
?????????? n????
�0 < � = 2π < �1 (5.2)
???????????????, ????????? n
?????????????????? n??????
????????
s0 = AB, s1 = A1B1 ??? (5.1)? (3.1)????
(5.2)??????
n sin
(
180◦
n
)
< π < n tan
(
180◦
n
)
(5.3)
????????????????????
n
2
s0 < π <
n
2
s1 (5.4)
????
(2.11)???? x = 360◦(= 2π)????, n????
??? (5.3)?????? π ??????????, ?
2.2?????????????????, n??? 1?
???????????????? 4.2(2)???????
??????????????????? 6, 12, 34, 48,
96????????? π ???????n = 6 · 2m−1,
m = 1, 2, 3, · · · ???? (5.3)???????????
????, ?????????????????, ???
?????????????????????????
?????????????????? lim
x→0
sin x
x
= 1 ???????—???????????????— ? 7
??? 5.1. ??? O????? 1 ????? 2? A,
B????? AOB < 180◦ ?????? AB ????
??? M ????? M ????? OA ??? OB ??
???????????A1, B1 ????? A ?? OB
???????? H ????
???? AH = a ????
AB =
�
2(1−
�
1− a2), (5.5)
A1B1 =
2
a
(1−
�
1− a2) (5.6)
??????( ? 5.1 ???? C ??? 5.2?????)
A1
A
M
B1
B
H
O
C
a
x
x
1
? 5.1
?? AH = a ??????????????
OH =
�
1− a2
???????
BH = 1−
�
1− a2
????????????????
AB =
�
AH
2
+BH
2
=
�
a2 + (1−
�
1− a2)2
???, ??????? (5.5) ??????
?? A1B1 ?? M ??????? OM ?????
?, ∠A1MO = ∠R = ∠AHB ??????? ∠OA1M
= ∠OAB = ∠ABH ???, 2??????? �ABH
?�OA1M ??????????
A1M : OM = BH : AH
???? OM = 1, BH = 1− √1− a2, AH = a ??
??? A1M =
1
a
(1−
�
1− a2) ????A1B1 = 2A1M
?? (5.6) ??????
?? ? AOB = x ????⎧⎪⎪⎪⎨⎪⎪⎪⎩
AH = sinx
AB = 2 sin
x
2
A1B1 = 2 tan
x
2
(5.7)
?????????????
AH = a??????????????? 2????
???????
OH =
�
1− a2 = cosx = 1− 2 sin2 x
2
??? (5.7)??
1
2
AB
2
= 2 sin2
x
2
=
�
1−
�
1− a2
�
(5.8)
??? (5.5)?????????????????
2 cos2
x
2
=
�
1 +
�
1− a2
�
(5.9)
????(5.8), (5.9)???? tan2
x
2
??????, (5.7)
??
A1B1
2
= 4 tan2
x
2
=
4
a2
�
1−
�
1− a2
�2
???? (5.6) ??????
??? 5.2. ??? O????? 1 ????????
????? n???? 2n?????????? n??
??????? 2a????, ?????????? 2n
????????????? (5.5), (5.6)???????
?? ?? 5.1?? AB? 2??????? A???
?? C????? 5.1 ???? n ?????????
AC = 2a ?????, ???????? 2n ?????
???? AB ??? A1B1 ????
????????? n = 6 · 2m−1, m = 1, 2, · · · ??
?? π ?????????????? 5.2???, ??
1???????? n????????? 2a ????,
?????????
n = 6 ???
?? 1???????? 6????????? 1 ??
? AB = 1?????? ∠AOB = 60◦ ??? a = AH =
√
3
2 ???????? (5.6) ??????
A1B1 =
4√
3
�
1−
�
1− 3
4
�
=
2√
3
???????? (5.4)?????? 3AB = 3, 3A1B1 =
2
√
3 ???, 3 < π < 2
√
3 = 3.464 ????
n = 12 ???
n = 6 ???? AB = 1 ?? 5.1? AC = 2a ????
??? a = 12 ???????? (5.5), (5.6)??????
AB =
����2�1−�1− 1
4
�
=
�
2−
√
3,
A1B1 = 4
�
1−
�
1− 1
4
�
= 2(2−
√
3)
????????????????AB=0.517638, A1B1
= 0.5358982 ??????? (5.4)?????? 6AB =
3.105828, 6AB = 3.2153904 ??? 3.105828 < π <
3.2153904 ????
n = 24 ???
n = 12 ???? AB =
�
2−√3 ?? 5.1 ? AC =
2a ?????, a =
1
2
�
2−
√
3 ???????????
????????? 3.1326252 < π < 3.1596576 ????
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6 ???????????????? ???? ? 62 ? (2012) ??????????????????????
Boyer[1]????, ???????????????
??????????????????????????
?????????????
??? 4.1. ??? O????? 1??????? 3?
A, B, C?????, ? AB, ? BC ?????????
?? x, y ????0◦ < x < y < 90◦ ?????
1 <
sin y
sinx
<
y
x
=
BC
AB
<
tan y
tanx
(4.1)
??????( (4.1)?
y
x
?????????????
????????)
?? (i) 0 < x < y < 90◦ ?? 0 <
cos(y/2)
cos(x/2)
< 1 ??
???????? 2?????????, ??????
???
sin y
sinx
=
2 sin y2 cos
y
2
2 sin x2 cos
x
2
<
2 sin y2
2 sin x2
???????? n = 1, 2, · · · ????
sin y
sinx
<
2 sin y2
2 sin x2
<
2n sin y2n
2n sin x2n
(4.2)
??????
(4.2)? n → ∞ ???????????? 3.1(1)?
?????
sin y
sinx
< lim
n→∞
2n sin y2n
2n sin x2n
=
BC
AB
=
y
x
??????
(ii) 0 < x < y < 90◦ ?? 0 < tan
x
2
< tan
y
2
< 1 ?
????
1− tan2 x2
1− tan2 y2
> 1
?????????? 2??????????????
????
tan y
tanx
=
2 tan y2 (1− tan2 x2 )
2 tan x2 (1− tan2 y2 )
>
2 tan y2
2 tan x2
(4.3)
(4.3)? n?????????????????
tan y
tanx
>
2 tan y2
2 tan x2
>
2n tan y2n
2n tan x2n
(4.4)
(4.4)? n → ∞ ???????????? 3.1(2)?
?????
tan y
tanx
>
2 tan y2
2 tan x2
> lim
n→∞
2n tan y2n
2n tan x2n
=
BC
AB
???????????????????
?? 4.2. (1) 0◦ < x < y < π2 = 90
◦ ??, x, y ???
????????????????
sinx
x
>
sin y
y
,
tanx
x
<
tan y
y
(2) xn =
x
n
???????????????
n sinxn < (n+ 1) sinxn+1,
n tanxn > (n+ 1) tanxn+1
?? (1) (4.1)????
sinx
y
> 0?????????
????????(4.1)????
tanx
y
> 0 ??????
2??????????
(2) xn+1 < xn ??? (2.12)???? (1)?????
??
n sinxn = x
[
sinxn
xn
]
< x
[
sinxn+1
xn+1
]
= (n+ 1) sinxn+1
??????????? n tanxn??????????
???
? 4.2?? 2.2??????????????????
???????? 5, 6?????????
5. ??????????
??????????? (? 287–212)???????
???????????? 2.1????????? 2.2
?????????????????????
? 3?????????? 1????????? 2.3?
? AB?? 3.1?? AM??????????????
? (2.10)? 2????????? 3.1???????
AB < AB < A1B1 (5.1)
?????????? n????
�0 < � = 2π < �1 (5.2)
???????????????, ????????? n
?????????????????? n??????
????????
s0 = AB, s1 = A1B1 ??? (5.1)? (3.1)????
(5.2)??????
n sin
(
180◦
n
)
< π < n tan
(
180◦
n
)
(5.3)
????????????????????
n
2
s0 < π <
n
2
s1 (5.4)
????
(2.11)???? x = 360◦(= 2π)????, n????
??? (5.3)?????? π ??????????, ?
2.2?????????????????, n??? 1?
???????????????? 4.2(2)???????
??????????????????? 6, 12, 34, 48,
96????????? π ???????n = 6 · 2m−1,
m = 1, 2, 3, · · · ???? (5.3)???????????
????, ?????????????????, ???
?????????????????????????
?????????????????? lim
x→0
sin x
x
= 1 ???????—???????????????— ? 7
??? 5.1. ??? O????? 1 ????? 2? A,
B????? AOB < 180◦ ?????? AB ????
??? M ????? M ????? OA ??? OB ??
???????????A1, B1 ????? A ?? OB
???????? H ????
???? AH = a ????
AB =
�
2(1−
�
1− a2), (5.5)
A1B1 =
2
a
(1−
�
1− a2) (5.6)
??????( ? 5.1 ???? C ??? 5.2?????)
A1
A
M
B1
B
H
O
C
a
x
x
1
? 5.1
?? AH = a ??????????????
OH =
�
1− a2
???????
BH = 1−
�
1− a2
????????????????
AB =
�
AH
2
+BH
2
=
�
a2 + (1−
�
1− a2)2
???, ??????? (5.5) ??????
?? A1B1 ?? M ??????? OM ?????
?, ∠A1MO = ∠R = ∠AHB ??????? ∠OA1M
= ∠OAB = ∠ABH ???, 2??????? �ABH
?�OA1M ??????????
A1M : OM = BH : AH
???? OM = 1, BH = 1− √1− a2, AH = a ??
??? A1M =
1
a
(1−
�
1− a2) ????A1B1 = 2A1M
?? (5.6) ??????
?? ? AOB = x ????⎧⎪⎪⎪⎨⎪⎪⎪⎩
AH = sinx
AB = 2 sin
x
2
A1B1 = 2 tan
x
2
(5.7)
?????????????
AH = a??????????????? 2????
???????
OH =
�
1− a2 = cosx = 1− 2 sin2 x
2
??? (5.7)??
1
2
AB
2
= 2 sin2
x
2
=
�
1−
�
1− a2
�
(5.8)
??? (5.5)?????????????????
2 cos2
x
2
=
�
1 +
�
1− a2
�
(5.9)
????(5.8), (5.9)???? tan2
x
2
??????, (5.7)
??
A1B1
2
= 4 tan2
x
2
=
4
a2
�
1−
�
1− a2
�2
???? (5.6) ??????
??? 5.2. ??? O????? 1 ????????
????? n???? 2n?????????? n??
??????? 2a????, ?????????? 2n
????????????? (5.5), (5.6)???????
?? ?? 5.1?? AB? 2??????? A???
?? C????? 5.1 ???? n ?????????
AC = 2a ?????, ???????? 2n ?????
???? AB ??? A1B1 ????
????????? n = 6 · 2m−1, m = 1, 2, · · · ??
?? π ?????????????? 5.2???, ??
1???????? n????????? 2a ????,
?????????
n = 6 ???
?? 1???????? 6????????? 1 ??
? AB = 1?????? ∠AOB = 60◦ ??? a = AH =
√
3
2 ???????? (5.6) ??????
A1B1 =
4√
3
�
1−
�
1− 3
4
�
=
2√
3
???????? (5.4)?????? 3AB = 3, 3A1B1 =
2
√
3 ???, 3 < π < 2
√
3 = 3.464 ????
n = 12 ???
n = 6 ???? AB = 1 ?? 5.1? AC = 2a ????
??? a = 12 ???????? (5.5), (5.6)??????
AB =
����2�1−�1− 1
4
�
=
�
2−
√
3,
A1B1 = 4
�
1−
�
1− 1
4
�
= 2(2−
√
3)
????????????????AB=0.517638, A1B1
= 0.5358982 ??????? (5.4)?????? 6AB =
3.105828, 6AB = 3.2153904 ??? 3.105828 < π <
3.2153904 ????
n = 24 ???
n = 12 ???? AB =
�
2−√3 ?? 5.1 ? AC =
2a ?????, a =
1
2
�
2−
√
3 ???????????
????????? 3.1326252 < π < 3.1596576 ????
lim
x→0
sinx
x = 1 ???????が意味するもの ―高校数学「三角関数」の教材研究―
− 63−
8 ???????????????? ???? ? 62 ? (2012) ??????????????????????
??? n = 48, 96 ??????????, ?????
??
3.140845 = 3
10
71
< π < 3
1
7
= 3.14285871 (5.10)
???????????π??? 2?????????
? (5.10)??????????????, ??????
???????
6. ???????????
???????????????? ( Ptolemaios ?
100?? 178?) ???????????????(??
????????????????????????)
?????? chord(x)?? (????????)???
???
????????????????????????
?????????????????????????
?????????????????????????
?????????????? chord(x)???????
??????????????? Katz[3]??????
??????
???? chord(0◦)?? chord(180◦)??? chord
�
1
2
◦�
???????????????? 0◦ ?? 90◦ ???�
1
4
�◦ = 0.25◦ ???????????????
??????????????????? 6????
???????? 2?????????????, ???
??????????????
60◦, 30◦, 15◦, 7.5◦, 3, 75◦, 1.875◦,
0.9375◦, 0.46875◦, 0.234375◦ (6.1)
???, ??????????????? 5????
???????????????????, ? 6.1???
??? 1???????? 5????????? 36◦ ?
???????????????????⎧⎪⎨⎪⎩
sin 36◦ = BH =
1
4
�
10− 2
√
5
cos 36◦ = OH =
1
4
�
1 +
√
5
????
? 6.1
A
E
DC
O
M
H
M’
M
O
A
B
B
? 6???????
sin 30◦ =
1
2
, cos 30◦ =
√
3
2
??????????
sin 6◦ = sin(36◦ − 30◦)
=
1
4
�
10− 2
√
5 ·
√
3
2
− 1
4
�
1 +
√
5 · 1
2
=
1
8
��
30− 6
√
5−
√
5− 1
�
= 0.10453
??????
???? 2???????????????????
????
6◦, 3◦, 1.5◦, 0.75◦, 0.375◦, 0.1875◦ (6.2)
(6.1)????? (6.2)????????, ??????
????????????????
???, sin 0.5◦ ? sin 0.25◦ ????????(sin 3◦
???? sin 3x = 3 sinx − 4 sin 3x???? sin 1◦ ??
????????????, ??? 3????? 16??
?????????, ?????????) ??????
4???? 4.1(??????????)?????
??? x = 0.1875◦, y = 0.25◦ ?????
sin 0.1875◦ = 0.00327249
sin 0.375◦ = 0.00654494
??????????(4.1)??
sin 0.25◦<
0.25◦
0.1875◦
sin 0.1875◦
=1.3333333×0.00327249 =0.00436332
????x = 0.25◦, y = 0.375◦ ?????? (4.1)??
sin 0.25◦>
0.25◦
0.375◦
sin 0.375◦
= 0.666667×0.00654494=0.004363292
?????, ???????? sin 0.25◦ = 0.004363 ??
???
??????????????????, ??????
??????? 5???? chord ???????
????,??????? 720?????, (5.3)? n =
720 ????, sin 0.25◦ ??????????????
?????
π = 720× 0.004363 = 3.141568
???????????????
π =
377
120
= 3.1416
???, (5.10)?????????
7. ???
(1) ?? lim
x→0
sinx
x
= 1 ?????
???????????????????????, ?
??? 0????? 1???????????????
????????? (??????)??? n?????
?????????????????? lim
x→0
sin x
x
= 1 ???????—???????????????— ? 9
???, n?????????????????????
????????????, ??????? n????
???????????????? 2n???????
???????????, ??????????????
??????
????, ?????????????, ??????
???, ???????????????, ??????
??????
???????????, ??? n????????
????????????????????, ?? π ?
???????????????????, ??????
?????????????? 3.141592· · · ???, ??
??????????????????????? 3.5
?? 3.6????, ?????????????????
??????
???????????, ????????????
?????, ????????????????????
?????????????????????????
?????????????????????????
?????????????????????????
???
????????????????????????
??, ???????????????????????
??????????????????????, ???
??????, ???????????????????
????????
???, ????????????????, ????
????????????????????????, ?
?????????????????????????
?????????????????????????
?, ????????????????????????
????????
????????????????? 3.1??? 5.1
????????????, ?????????????
?????????????????????????
???, ??????????????????????
?????
??, ?????????, ????????????
??, ?????????????, ?????????
?????????????
(2) 3?????????????
????????????????????????
??????[1]????, ?????????????
?????????????????????????
?????, ???????????????????
?????????????????????, Beck-
mann[2]?????????????????????
1800????????????????????, ??
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What it means to learn the equality lim
x→0
sinx
x
= 1 at
the study of trigonometric functions in
the high-school mathematics
Yoshinobu KADOTA
( Dep. Math. Facul. Edu. Wakayama Univ. )
Abstract: It is customary in Japan that high-school
students learn calculus as an elective subject after the
study of trigonometric functions in the last year of math-
ematical course. There appears necessarily the equality
lim
x→0
sinx
x
= 1 among examples of limits at the ﬁrst
chapter of calculus in any textbook.
The purpose of the present paper is to consider what
meaning and importance it has to learn the equality in
the educational course.
The equality shows the length of any arc is approxi-
mated by that of the string spanning the same central
angle, when the angle is very small. Then, the length
of the circumference is approximated by the combined
lengths of the inscribed regular polygon’s strings.
The equality is pointed out to be a version of Aristar-
chus’ theorem. His theorem was applied to the com-
puting method of the ratio of the circumference π by
Archimedes and to a sine function table by Ptolemaios
in the time of the ancient Greeks.
Trigonometric functions are applicable to much more
complicated shapes compared to Euclid geometry. They
have been studied as a main part of the function theory
since the 17th century, having signiﬁcant inﬂuence on
the development of calculus.
In order to arouse students’ interest in mathematics,
it is recommended that teachers summerize the circle
analysis in their educational course and explain brieﬂy
the contribution of trigonometric functions to the devel-
opement of calculus, when they are teaching the equal-
ity.
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